Stochastic Processes II (FP-7.5)
Solution set 7

Problem 7.1

Solution:

e See the lecture note for derivation. Note that in this problem a(n) = 1, h(n) = 0.5,
o2 =2.

The result is summarized as follow:

-Prediction step:

Y(n+1|n) = h(n+ 1)Y (n|n)
= 0.5Y (n|n)
R(n + 1n) = h(n + 1)*R(n|n) + o2(n + 1)
— 0.25R(n|n) +2
-Updating step:

Yin+1ln+1) =Y +1n) +b(n+1)[X(n+1) = X(n+1|n)]
Rin+1ln+1)=[1=bn+1l)a(n+ 1)]R(n+ 1|n)
=[1—"b(n+ 1)]R(n+ 1|n)
with
a(n+ 1)R(n+ 1|n)

a(n+1)2R(n+1|n) + o2(n+ 1)
B R(n + 1|n)
"~ R(n+1n) +02(n+1)

bin+1)=

e The blockdiagram of the Kalman filter is shown in figure 1.

b(n)
X(n) | /L | — System model ? (nln)
[ 2 N ‘
X(nln-1) Y(nln-1)
/X\ Y(l’l— IIn—1 ) Unit
\T/ delay
0.5

Figure 1: The block diagram of Kalman filter
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e Calculate the estimate Y (n|n) for n—=1,2:

Initialize the filter:

First predict the Y (1),
Y (1]0) = A(1)Y (0/0)
B
RA[0) = h1)PRA[L) + 02(1) = 2(1) 12 =225

Next, as X (1) is observed, we correct the predicted estimate,

__ R(]0)
o(1) = o2 (1) + R(1]0)
i 9
1+ 13
Y (1]1) = Y(1]0) + b(1)(X (1) — Y(1]0))
9
=33 (1)

Update the minimum MSE:

9 9 9
AR ELVERET)
When n=2, the result is
Y (2[1) = - X (1)
26
113
R(2|1) = =)
113
- 9 113 9 9 113
Y(2|12) = =X(1 —(X(2)—=X(1))=—X(1 —X
(212) = S X(1) + T(X(2) = X (1) = =X (1) +
113

e In figure 2, the minimum MSE is plotted as a function of n.
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