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Summary of Course-
Stochastic Analysis for Engineers

Zhenyu Yang
IRS7 Semester, Fall 2004, Aalborg University Esbjerg
http://www.cs.aue.auc.dk/~yang/course/stoc04.htm
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ObjectiveObjective
To give students an understanding of the 
description of stochastic signals in order to 
perform filtering and detection

To enable students to apply estimation and 
detection methods for simple problems in 
connection with stationary stochastic processes

To give students an understanding of spectral 
estimation techniques
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MM1. Response of LTI Systems to Random 
Inputs

Reading page: Chapt 4, pp.216-242
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MM2. Discrete Linear Process Models

Moving Average (MA) models
Autoregressive (AR) models
Autoregressive Moving Average (ARMA) models

Reading page: Chapt 5, pp.250-275
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Moving Average (MA) Processes
Definition: A random sequence X[n] is a moving average 
process of order q (MA(q)) if for any n, there is 

Where Z[n] is a white Gaussian process
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Statistic Properties of MA Process

Mean, autocorrelation and PSD functions of 
MA(q) process:
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See p.270
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Autoregressive (AR) Models

Definition: A random sequence X[n] is an autoregressive 
process of order p (AR(p)) if it is WSS and for any n, 
there is 

Where Z[n] is a white Gaussian process

Recursive filters, all-pole models, state space model, ..
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Statistic Properties of AR processes
Mean, autocorrelation and PSD functions of AR process 
X[n]:
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Yule-Walker Equation

System identification
Yule walker (autocorre.)
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Autoregressive Moving  Average (ARMA) Models

Definition: A random sequence X[n] is an autoregressive 
moving average (ARMA) process of order (p,q) (denoted 
as ARMA(p,q) if it is WSS and for any n, there is 

Where Z[n] is a white Gaussian process

Any WSS process can be approximated by an ARMA(p,q) 
process

)()()()(
1 1

nZjnZinXnX
p

i

q

j
ji +−+−=∑ ∑

= =

θϕ



3

19-Nov-04 Stochastic Processes 13

Properties of ARMA Processes

Transfer function:

Stability and causality
Statistic properties: 
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MM3. Signal Detection (Part One)

Hypothesis testing
Decision rules
Binary detection

Reading page: Chapt 6, pp.341-352
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3.1 Hypothesis Testing

In hypothesis testing, a decision is made based on the 
observation of a random variable as to which of several 
hypotheses to accept
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Binary Hypothesis Testing
Two hypotheses: H0 and H1

One observation y of a random variable Y whose pdf under 
each hypothesis is known, denoted as f(y|H0) and f(y|H1)
A decision rule is to decide
D: R {H0 , H1},                 R range of Y
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Decision Rule
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Example: BPAM Signal Detection
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3.2 Decision Rules

Maximum ”a posteriori” decision rule
Bayes decision rule – Costs of errors
Minmax rule and Neyman-Pearson rule
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Maximum ”a posteriori” (MAP) Rule
MAP decision rule: 

Prior distribution P(Hi), i=1,2

Likelihood ratio L(y): 
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BayesBayes’’ Decision RuleDecision Rule

Average cost:

Bayes’ decision rule: minimize the average cost
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Example: BPAM MAP Detection (Cont’d)
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MM4. Signal Detection (Part Two)

Reading page: Chapt 6, pp.352-361, 366-370

4.1 Binary detection of discrete-time signals
4.2 Binary detection of continuous-time signals
4.3 M-ary detection
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4.1 Binary Discrete: Decision Rules
Singal model: Y(n)=x(n)+W(n), n=0,1,...N-1

W(n) is a white Guaussian noise:

MAP decision rule: 
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4.2 Binary Continuous: Decision Rules
Time-limited but possibly bandwidth unlimited finite-
energy signals
Decision rule: 

MAP decision rule: 
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4.3 MAP for M-ary Decision
MAP decision rule:

MAP decision rule for time-limited discrete-time signals:

Further with uniform”a priori” pdf, i.e., P(H0)=P(H1)= 
...=P(HM-1)=1/M
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MM5. Minimum Mean Squared 
Error Estimation 
Reading page: Chapt 7, pp.377-397

5.1 Linear minimum mean squared error estimators
5.2 (Nonlinear) minimum mean squared error estimator
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5.1 Linear Minimum Mean Squared 
Error (LMMSE) Estimators
LMMSE Problem formulation 

A random sequence X(1), ... X(M) whose realization can 
be observed
A random variable Y which has to be estimated
Seek a linear estimator as: 

By miminizing the mean squared error(MSE): 
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5.1.1 Orthogonality Principle
A necessary condition for a linear estimator denoted by 
h=[h0, ... hM]T to be the solution of the LMMSE is that 
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5.1.3 LMMSE Soultion
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5.1.6 Example 
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5.2 Minimum Mean Squared Error 
Estimators (MMSEE) 
MMSEE: The solution for MMSEE of Y based on the 
observation of X(1),....,X(M) is: 

Which reaches 
Specially, if X(1)=x(1),....,X(M)=x(M) is observaed, then 

iff [Y X(1),....,X(M)] is a Gaussian vector
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MM6. Discrete-Time Wiener Filters 
Reading page: Chapt 7, pp.406-419

6.1 Noncausal Wiener Filters
6.2 Causal Wiener Filters
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6.0 An Intuitive Explanation

Observable random sequence: 
X(1),     X(2),        ...,               X(M)

Y(1),     Y(2),        ...,               Y(M)

A random sequence which needs to be estimated

LMMSEE1
h0

1,h1
1,..hM

1
LMMSEE2
h0

2,h1
2,..hM

2
LMMSEEM
h0

M,h1
M,..hM

M

(Wiener) Filter/System
h0,h1,..hM
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Discrete-Time Wiener Filters

Motivation:
Estimate a WSS random sequence Y(n) based on the 
observation of another sequence X(n).

Without loss of generality we assume that 
E{Y(n)}=E{X(n)}=0

The goodness of the estimator is described by MSE
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6.1 Ideal (Noncausal) Wiener Filters
Problem Formulation:

Seek a linear filter 

Which minimizes the MSE 

The filter reaching above requirement is called ideal 
(noncausal) Wiener filter 
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6.1.2 Wiener Filter in Transfer Function
Wiener-Hopf equation:

TF of the Wiener filter:

MSE residual: 
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6.2.1 Causal Wiener Filter (Case A)
Case A: X(n) is a white noise with unity variance 

E{X(n)X(n+k)}=δ(k)
Ideal Wiener filter: 

A causal Wiener filter can be achieved by cancelling 
the noncausal part of ideal Wiener filter:  

The causal Wiener filter minimizes the MSE within the 
class of causal linear estimators
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6.2.7 Finite Wiener Filter
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LMMSEE:

MSE residual: 

( )
( ) ( ) XXXXX

XXX

XXX

XXX

h

h

h

µµµµ

µµµ

1
0

1

)()()1()(

)()1()1()1(

)(

)1(

)()1(1

,,

][][

−

−

∑∑
∑∑

∑∑

∑∑
∑

∑

∑
∑

−=−=

=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=

==

T
YY

T
Y

Y

MXMXXMX

MXXXX

YMX

YX

Y

T
M

T
M

h

hh

L

MOM

L

M

LL

∑−=−

−=−=−

Y
T

YYYE

YYYEYEYEYYE

Xh22

222

})ˆ{(

})ˆ{(}ˆ{}{})ˆ{(

σ

19-Nov-04 Stochastic Processes 40

MM7, 8. Kalman Filter 
Reading page: Chapt 7, pp.406-419

7.1 Introduction
7.2 An Intuitive Description of Kalman filter
7.3 Formal Description of Scale Kalman Filter
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7.1.1 What’s Kalman Filter?
One of the most well-known and often-used math. Tools 
for stochastic estimation from noisy measurements
Rudolph E. Kalman in 1960 published his famous paper 
decribing a recursive solution to discrete-time linear 
filtering problem

Features
Just some applied mathematics
A linear system
Noisy data in hopefully less noisy output
Delay is the price for filtering
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7.2 Scalar Kalman Filter
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7.2 Scalar Kalman Filter (Cont’d)
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7.2 Scalar Kalman Filter (Cont’d)
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MM8. Vector Kalman Filter
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MM8. Vector Kalman Filter (Cont’d)
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MM8. Vector Kalman Filter (Cont’d)

19-Nov-04 Stochastic Processes 48

MM9, MM10 Model-Free and Spectral 
Estimation of Random Processes
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Model-Free Mean Estimation
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Model-Free Autocorrelation Estimation
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Model-Free PDF Estimation
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Model-Based Estimation


