MMS. Minimum Mean Squared Error

Estimation
Reading page: Chapt 7, pp.377-397

mExplain MM4 exercise
m5.]1 Linear minimum mean squared error estimators

m5.2 (Nonlinear) minimum mean squared error estimators
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m4.]1 Binary detection of discrete-time signals

m4.2 Binary detection of continuous-time signals
m4.3 M-ary detection
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Maximum ”’a posteriori” (MAP) Rule

m MAP decision rule:
H 1

Jf(yIH)P(H) 2 f(ylH,)P(H,)
H,

m  Prior distribution P(H,), 1=1,2

m Likelihood ratio L(y):

o [(y)=In(L(y))

f(yIH) ' P(H,) H
L(y)= S L fOIMH) VLY | P(H)

f(y|H0)HO P(H,) l(y)—ln[ ]ﬁoln(P(Hl)]

f(ylH,)
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Bayes’ Decision Rule

m  Average cost:

T = CogPLD = Hy|H | PLHG )+ C

o1 = H [ P L

Oy LI = HlHIPLH )+ O P = 8 |1 P

m  Bayes’ decision rule: minimize the average cost

f(ylHl) IZI P(Ho)(cl()_c()())
f(ylHo)[-;O P(H1)E(Co1_c11)

L(y)=
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4.1 Binary Discrete: Decision Rules

m Decision rule:

1 1 H,
l(y)=—2[yT(sl—so)+—(IIso P —ls, ||2)} > In(y)
o 2 H
0
H1 1 N-1 5
Y (s,—s,) 2 o’ ln(n+—=(E, -E,) E, =lIs,I’=Y s,
H 2 1 ’ l n=0
0
N-1 H1 5 1
Zyn(sln _SOn) Z o ln(y)+_(Es1 _ESO)
n=0 H 2
0

m MAP decision rule:

P(H)) 1
vy’ (s, —S,) > azlr{ ( 0)j+—(1551—E50) E, =ls,IP=Ys,”
H, P(H)) 2 ’ =0
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4.2 Binary Continuous: Decision Rules

m  Time-limited but possibly bandwidth unlimited finite-
energy signals

m Decision rule:

A H 1 0
[ y@)5, () -5, (00)ar 701n(y)+5(1551 -E,) E, =ls,IP=|(s,0)) dr
T, H, T,

m MAP decision rule:

T, H )
. B N, P(H,) l ~ _ - ! )
);y(t)(& (1) So (¢))dt ) 111[ P(Hl) ] + > (ES1 ESO) Esi | S, I 7_[(Si (1)) dt

T A

0
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4.3 MAP for M

m MAP decision rule:

select H, if PH;ly)=2P(H;ly) |for any j=0,1,--- M -1

1

-ary Decision

or
f(yIH,)  P(H,)

select H.  if >
f(ylH ;) P(H),)

]

for  any j=0,1,-- M -1

m  MAP decision rule for time-limited discrete-time signals:

select H, if yTsi+azln<P<Hi>>—%EsizyTsjwzln(P(Hj»—%Esj for any j=01,--,M~1

m  Further with uniform”a prior1” pdf, 1.e., P(Hy))=P(H,)=
..=P(H,,.))=1/M

select H, if yTsi_%ESiZyTSj_%ESJ for any j=0,1,---,M -1
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Explain MM4 Exercise!
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Motivation — Signal Estimation

m Target detection and tracking — Radar system

DETECTION

; e !-'9‘.-5.
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e
R
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MMS. Minimum Mean Squared Error
Estimation

m5.1 Linear minimum mean squared error estimators

m5.2 (Nonlinear) minimum mean squared error estimator
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5.1 Lineér Mi.ﬁin.ium Mean Squéred
Error (LMMSE) Estimators

LMMSE Problem formulation

m A random sequence X(1), ... X(M) whose realization can
be observed

m A random variable Y which has to be estimated
m Seek a linear estimator as:

M
Y =hy+) h,X(m)

m=1

m By miminizing the mean squared error(MSE):

min  E{(Y -Y)*}

h, ,m=0,1,..M

13-Oct-04 Stochastic Processes
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5.1.0 Simple Estimation Cases

m  Estimating a random variable with a constant

The mean of the random variable minimizes the MSE
E{(Y —a)’}=E{[(Y =, )+ (i, —a)]’}
=0, + (U, —a)’ +2(u, —a)E{(Y —u,)}

= Oy + (4, _a)2

m  Estimating with one observation

Y = hy+h X the LMMSE solution is

_ O-XY _ _ O-XY
h=—= hy=p, -, =, ———
GXX GXX

the minimized residual is

2

E{(Y-Y)*)= Cyy — O another EXp ression :

XX

E{(Y-Y)}=0,,(0-p,, ), where p,, = ~

13-Oct-04 Stochastic Processes
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5.1.1 Orthogonality Principle

m A necessary condition for a linear estimator denoted by
h=[h,, ... hy,]! to be the solution of the LMMSE is that

E{Y-Y)= E{Y —(ho + ith(m)j} =0  E{Y}=E{Y)

Il
\DH

E{(Y —Y)X( j)}= E{(Y —[ho + thX(m)DX( j)} =0, |

/ - Orthogonality Principle
N .

13-Oct-04 Stochastic Processes 1 3
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5.1.2 Orthogonality Consequences

m Pythagoras Theorem:

E{Y-Y}=0
Elv-Hxpl=o,

Il
[E—Y
»
-

E{(Y-Y)Y}=0
E{(Y-Y)’}=E{Y*}-E{Y*}=E{(Y -Y)Y}

) Geometrical interpretation
JE17]
|

13-Oct-04 Stochastic Processes
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5.1.3 LMMSE Soultion

h=[h -- hM]T ﬂx:[ﬂX(l) IUX(M)]T

Z X (Y Z x(mxa Z X)X (M)
Z Xy = : ’ Z XX~ : R : ’
_Z X(M)Y | Z xayxa T Z X(M)X(M) |

M
My = hy + th:uX(m) =hy +h' g1y
m=1

Z xr =2 xxl
h = (Z )—12 . —Bnder the invertable assumption
— XX XY

hy = 1, _hT:uX =My — (Z XY )T (Z XX )_lll'lX

13-Oct-04 Stochastic Processes
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5.1.4 LMIMSE Residual

m The solution for LMMSE results the minimal residual as

E{(Y-Y)’}=E{Y*}-E{Y*}=E{(Y -Y)Y}
E{(Y-Y)}=0,"-0"> |,

How do we get this?

13-Oct-04 Stochastic Processes
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5.1.5 LMMSE Summary

A random sequence X(1), ... X(M) whose realization can be

observed

A random variable Y which has to be estimated

Seek a linear estimator as: P=h Z h X (m)
m=1

By solving an optimal problem: min  E{(Y —¥)?)

h,, ,m=0,1,..M

The solution following the orthogonality 1s

h= (Z Xx)_lz XY

hy = iy _hTﬂx =My — (Z Xy )T (Z XX )_1ﬂX

13-Oct-04 Stochastic Processes
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5.1.6 Example

« Example: Linear prediction of a WAS process
Let ¥iay denote a WES process with

- geromean, 1.e E[¥in] i,

-auntecormelation funcion E[Yimi Yin + &1 i “-l-h

We seck the LMMSEE for the present value of ¥Fia based on the W past

ohservations Yim — 10, ... ¥in

M of the process. Henee,
- ¥ i
-X(m) = ¥Fa-my,m=1,. . M,1e

X o= [¥a=11 ... ¥ia-dT"

Because py = 0 and p,. = 0,11 follows from (3 403 that

1'.'” I

Computation of L, anil Ly

13-Oct-04
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“Lyp = [E[Fir-1)F(r)], ..., E[¥({n - M

;
[B (1), ooy By (M)]

" Ixyy

-

ElYie-23Fiw— 1])] El ¥Viw E'I:I

_I".I Fiem—M1Fine- 1] E[Fin-MW1Fin

]T|'|'I_U] .I'I:]] i1 II'|'|'I'::I
I|'|-|-|_ | .|'|!” LAY J'|'|-|-|' L
]-I'|'|'I_::I .|II!]] i1 II'|'|'I'|:|J
.I'I:]]I_.l-lI |:III'|'|'I..Jri|- :'l.I'I!]]I_..l-II 1y ...
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MMS. Minimum Mean Squared Error
Estimation

m5.1 Linear minimum mean squared error estimators

m5.2 (Nonlinear) minimum mean squared error estimator
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5.2 Minimum Mean Squared Error

Estimators (MMSEE)

m MMSEE: The solution for MMSEE of Y based on the
observation of X(1),.....X(M) 1s:

Y(X(D),... X(M)=E{¥Y | X (..., X (M)}

m  Which reaches min E{(Y —-Y)’}

m Specially, if X(1)=x(1),.....X(M)=x(M) 1s observaed, then

Y (x(D),....,x(M))  =E{Y|x(1),..,x(M))
= [ 3p(y 1x(D),.... x(M))dy

13-Oct-04 Stochastic Processes
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5.2.1 Remarks of MMSEE

m  Conditional expectation:
Let U and V denote two random variables.
E{VIU} 1s a random variable, E{E{VIU} }=E{V}
m  Proof of MMSEE solution

E{(Y =Y)*} = Ex(Epx {(Y =Y)* I X (D),..., X (M)}}

:]3...TEW{(Y—I?)zIX(l):x1 ..... XM) =X, xa..xany Koo Xy )Xy dXy,

E ¥ -YYIXD)=x,..X(M)=x,}=E{Y-Y)IXD)=x,..X(M)=x,}
FE{Y =Y’ 1X (1) = x50, X (M) = 3, }42E{(Y Y)Y V)1 X ()= x,.., X (M) = x,, )

=0

13-Oct-04 Stochastic Processes 22
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5.2.2 Example - 1

m  Example 7.7 on page 394 of the tetxbook

1 x*

1 5 ,
slx)= expi——(s—x—— — Gaussian

(a) MSE —solution : S = E{SIX}=X +X72 (mean)
MSE —residual :  E{(S — S )l=1 (conditional variance)

(b) Assume F,(x)=e ",x20 then E{X)=1, E{X*}=2, E{X’}=6,
Linear MMSE estimator: S = hy +h X
where

X2
b o s EUS )X —p))_ EISX)mpgny,  BXKH 72
D E{(X - uy)*) E(X*)-u,’ 21
hy=ps —hpty =2-3=-1
LMSE residual :  E{(S —5)2} =2
13-Oct-04 Stochastic Processes
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5 2 3 Example—II

Example: Multivariate Gaussian variahles: Pivariate case: M = 1. X713 = X
o 3 /G ,
(¥, X(1),...,X(M)] - N{p X with o R
— '-ll E'I.']-' : . . .
-ll= ||-l],-- I'l.t'l' 1y I'l.J.'LH1| -Lyy T PO O where p= g 1= the comelation coetheent of ¥ and
x%r
X
2 T
-¥= I:'-F [EIF] [nn this case.
iy Py
E_ﬂr E_\rl' ¥ = E[F|X] = pypH ﬁ—}[i'f Moy
i = L . X
From Equation i 6.22 )i [Shanmugan] it foll ows that Py Py
[I—l} ﬁ_l-l_:r] ' T A
T ; | X x
F = E[F|X] = ppt Eyp) (B 1A -py) o i

We can observe that ¥ 1s hoear, 12,13 the LMMSEE ¥ = ¥ in the livanate
case. This iz also true in the general multivariate Ganssian case. In fad.

¥ = ¥ if, and only 1f, [¥, X(1, ... I[.H’]IT 15 i (aussian
random vedor,
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5.2.4 Appendix Properties of the Multivariate
Gaissian Distribution (p.50-51)

PDF: fx(x)= 1 eXp{—l(X—ux)TZ x| (X—ux)}
O : Jens « 2

X Xl Xk
Partition X as X = {Xl} where X, =| : |, X,=| : |
? X, X
o] 2T &
X Hx, = Z 21 Z 2

m  Uncorrelatedness implies independence
m The random vector Y=AX has the Gaussian pdf with

Hy = Al Z Y:AZ XAT
m  Conditional pdf:

Hx x, = E{X, X, =x,}= Hx, +Z 122 22_1(X2 _,sz), Z XX, — Z 1 _Z 122 22_12 21
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