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MM5. Minimum Mean Squared Error 
Estimation 
Reading page: Chapt 7, pp.377-397

�Explain MM4 exercise 
�5.1 Linear minimum mean squared error estimators
�5.2 (Nonlinear) minimum mean squared error estimators
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What have we talked through MM4?

�4.1 Binary detection of discrete-time signals
�4.2 Binary detection of continuous-time signals
�4.3 M-ary detection
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Maximum ”a posteriori” (MAP) Rule
� MAP decision rule: 

� Prior distribution P(Hi), i=1,2

� Likelihood ratio L(y): 
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Bayes’Bayes’ Decision RuleDecision Rule

� Average cost:

� Bayes’ decision rule: minimize the average cost
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4.1 Binary Discrete: Decision Rules
� Decision rule: 

� MAP decision rule: 
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4.2 Binary Continuous: Decision Rules
� Time-limited but possibly bandwidth unlimited finite-

energy signals
� Decision rule: 

� MAP decision rule: 
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4.3 MAP for M-ary Decision
� MAP decision rule:

� MAP decision rule for time-limited discrete-time signals:

� Further with uniform”a priori” pdf, i.e., P(H0)=P(H1)= 
...=P(HM-1)=1/M
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Motivation – Signal Estimation
� Target detection and tracking – Radar system
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MM5. Minimum Mean Squared Error 
Estimation 

�5.1 Linear minimum mean squared error estimators
�5.2 (Nonlinear) minimum mean squared error estimator
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5.1 Linear Minimum Mean Squared 
Error (LMMSE) Estimators
LMMSE Problem formulation 
� A random sequence X(1), ... X(M) whose realization can 

be observed
� A random variable Y which has to be estimated
� Seek a linear estimator as: 

� By miminizing the mean squared error(MSE): 



=

+=
M

m
m mXhhY

1
0 )(ˆ

})ˆ{(min 2

,...1,0,
YYE

Mmhm

−
=

13-Oct-04 Stochastic Processes 12

5.1.0 Simple Estimation Cases
� Estimating a random variable with a constant

The mean of the random variable minimizes the MSE

� Estimating with one observation
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5.1.1 Orthogonality Principle
� A necessary condition for a linear estimator denoted by 

h=[h0, ... hM]T to be the solution of the LMMSE is that 
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5.1.2 Orthogonality Consequences
� Pythagoras Theorem: 
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5.1.3 LMMSE Soultion
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5.1.4 LMMSE Residual
� The solution for LMMSE results the minimal residual as


−=−

−=−=−

Y
T

YYYE

YYYEYEYEYYE

Xh22

222

})ˆ{(

})ˆ{(}ˆ{}{})ˆ{(

σ

How do we get this?

13-Oct-04 Stochastic Processes 17

5.1.5 LMMSE Summary
� A random sequence X(1), ... X(M) whose realization can be 

observed
� A random variable Y which has to be estimated
� Seek a linear estimator as: 

� By solving an optimal problem:

� The solution following the orthogonality is  
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5.1.6 Example 
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5.1.6 Example (Cont’d)
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MM5. Minimum Mean Squared Error 
Estimation 

�5.1 Linear minimum mean squared error estimators
�5.2 (Nonlinear) minimum mean squared error estimator
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5.2 Minimum Mean Squared Error 
Estimators (MMSEE) 
� MMSEE: The solution for MMSEE of Y based on the 

observation of X(1),....,X(M) is: 

� Which reaches 

� Specially, if X(1)=x(1),....,X(M)=x(M) is observaed, then 
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5.2.1 Remarks of MMSEE

� Conditional expectation:
� Let U and V denote two random variables. 
� E{V|U} is a random variable, E{E{V|U}}=E{V}

� Proof of MMSEE solution
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5.2.2 Example - I
� Example 7.7 on page 394 of the tetxbook
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5.2.3 Example–II 
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5.2.4 Appendix Properties of the Multivariate 
Gaissian Distribution (p.50-51)
� PDF: 

� Uncorrelatedness implies independence
� The random vector Y=AX has the Gaussian pdf with 

� Conditional pdf: 
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