MMS. Minimum Mean Squared Error
Estimation

Reading page: Chapt 7, pp.377-397

What have we talked through MM4?

, VI AT

mExplain MM4 exercise

m5.1 Linear minimum mean squared error estimators

m4.1 Binary detection of discrete-time signals
m5.2 (Nonlinear) minimum mean squared error estimators

m4.2 Binary detection of continuous-time signals
m4.3 M-ary detection
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Maximum ”’a posteriori”’ (MAP) Rule

Bayes’ Decision Rule
m  MAP decision rule:

= Average cost:
H, T = CogPLD = Hy| g1 PTHG + C\gPLD = H) |[Ho PTG
f(yIHl)P(Hl)I; FOVH,)P(H,) F gy PID = HOHIPU ) CyPLD = 1, [P )
0
m  Prior distribution P(H;), i=1,2
= Bayes’ decision rule: minimize the average cost
m  Likelihood ratio L(y):
" I(y)=In(L(y))
1
L(y)= SO UTH,) " P(H,)

L(y)= f(yIH)) IZ' P(H)(C\,—Cy)
S(y1Hy) ]:(0 P(H )Gy =C,y)

. H
: i LOVHDY S (PG,
JOHy) g P(H) 1 ln(fleo)]ﬁom(P(H-)]
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4.2 Binary Continuous: Decision Rules

m  Decision rule:

m  Time-limited but possibly bandwidth unlimited finite-
H, energy signals
1<y):%[y7(s,—s'.)+i(u s, IF —1s, ||2)} > () gy gl
4 2 H, m  Decision rule:
Hl 1 N-T 5
Y si-sy) 2 o*ln(n+-(E, ~E ) E s IP=Ys,’
H, 2 ' =

5,(1)

¥ H, .
Y =) 2 o+ (E, ~E,)
= i, 2

A H . ;
[yt o=s,odr > =i+ (B, -E,)  E, s, IP= [0 dr
T, H, 2 2 ' 7
®  MAP decision rule:
m  MAP decision rule:

H\
Y/ (s,-8,) 2 07 ln[P(H"))
Hﬂ

7 H, T,
. - Iy(r)(s, (1) = sy (0)dt > NT"ln[ I;(ZO:]*'%(E» —Es") E, =lls; I’= j(s, (1)) dt
+=(E,-E,) E A=Y} r H, H, [
PH)) 27" ' P
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4.3 MAP for

m  MAP decision rule:

select  H, if P(H \y)2P(H, |y) for any j=0l,M -1

or

M-ary

SGH  PUH )

select H, if 2
f(yUH ;) P(HY)

for any  j=01, M -1

m  MAP decision rule for time-limited discrete-time signals:

select H, if y"s,+a’ln(P(H‘))—%EslEyrsj+a"ln(P(Hj))7%Ei‘ for any j=0]l--M-1

m  Further with uniform”a priori” pdf, i.e., P(H,)=P(H,)=
..=P(Hy )=1/M

select H, if y’s,f%E“zy-'s/f%E“ for any j=0l--M~1
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Motivation — Signal Estimation

m  Target detection and tracking — Radar system
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MMS5. Minimum Mean Squared Error
Estimation

m5.1 Linear minimum mean squared error estimators
m5.2 (Nonlinear) minimum mean squared error estimator
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5.1.0 Simple Estimation Cases

= Estimating a random variable with a constant
The mean of the random variable minimizes the MSE
E{(Y —a)*}= E{[(Y — )+ (i, —@)T'}
=0y +(fy —a) +2(y —)E((Y = 4,))
=0y, +(1, —a)’

= Estimating with one observation

o

5.1 Linear Minimum Mean Squared
Error (LMMSE) Estimators

LMMSE Problem formulation

m A random sequence X(1), ... X(M) whose realization can
be observed

® A random variable Y which has to be estimated
m  Seek a linear estimator as:
M
Y =hy+y h,X(m)
m=1

® By miminizing the mean squared error(MSE):

min  E{(Y-V)%}

Iy =0,1,... M
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Y =hy+hX the LMMSE solution is
_ O

[}
oo By = py = Iyt = fty fg: Hy i

the minimized residual is

hl

5.1.1 Orthogonality Principle
®m A necessary condition for a linear estimator denoted by
h=[h,, ... hy]" to be the solution of the LMMSE is that

E{y-Y}= E{Y—(hn +ith(m)J} =0  E{Y}=E{V}

m=1

N M
Ey-v)x(jp}= E{Y—(ho +thX(m)DX(j)} =0, j=l1..M

m=1

E(¥-P))=0, -2
O'XX

another exp ression :

Y 2 [
B =17} =0, (=py ), where pyy =2 0, =40,0.0, =40,
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- Orthogonality Principle
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5.1.2 Orthogonality Consequences
m  Pythagoras Theorem:
E{y-¥}=0

Er-nx(hl=0. j=1...m

E{((Y-Y)Y}=0
E((Y-Y)'}=E(Y*}-E{Y’} = E{(Y - Y)Y}

Geometrical interpretation
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5.1.3 LMMSE Soultion
h=[h - h,]T Uy =l o M)

ZX(I)Y mexm ZX(I\X(M\
ZX«MW wamn szmxzm

3

M
My =hy +zhm:uxww =h, +h1ﬂx

m=1

Z Xy =Z xxh
h= (Z o) S «—UYnder the invertable assumption

hy =ty —hTﬂx =Hy - (z Xy )r (Z XX )71/‘)(
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5.1.4 LMMSE Residual
m  The solution for LMMSE results the minimal residual as

E((Y-Y)’}= E(Y*}-E{Y’} = E{(Y - Y)Y}
E((Y-Y)}=0,"-h"Y 4,

How do we get this?
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5.1.5 LMMSE Summary

A random sequence X(1), ... X(M) whose realization can be
observed
A random variable Y which has to be estimated

. e . . ”
Seek a linear estimator as: P =h, +zth(m)

m=1
By solving an optimal problem: min  E{(Y -Y)}

By m=0,1,..M

The solution following the orthogonality is

b= o) Y
By =ty =0t =, = (3 oV (2 )
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5.1.6 Example

Example: Linear prediction of a WSS process
Let ¥in) denole a WSS process with

- oo mean, e E[ ()] = 0,
- antocomelation function Y () ¥in + k)] = Ky 0k

We seck the LMMSEE for the present value of ¥ (a) based on the A4 past

ohservations ¥(n— 1), ..., ¥ir - M) of the process. Henee,
-F Fim)
-X(m) = Yin-m),m=1,..M.iLc

X = [¥(n-1)... ¥en-M"
Becavse py = O and py = 0, it follows from (3 48) that
hy =10
Computation of Eypoand £y
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5.1.6 Example (Cont’d)
“Zyy = [E¥(n - 1)¥(), .. El¥(n .h‘llf'[J.'lllT

-
[f (10 By (M)]

By
E[Yie I'|:| E[¥in-11¥{n-21] ... E[Fin- 11Fie - M)
E[Yie-20Fin- 1] E[Fix 2]:| . E[Yin-20Fie - M)
LE[Fiw = M3Fiw - 1] E[Fin- Wi¥(n-21] .. E[¥Fin .1F'|:|
Rpp(0)  Ryp(l) Ryp2) oo Ry 1)
Ryp(1) i) Rl Ry (M- 2)
Ryp(Z) Repil) Ryl o Ryp (M-
M = 1) By (-2 Rypp(M =30 0 Rypi)
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MMS5. Minimum Mean Squared Error
Estimation

m5.1 Linear minimum mean squared error estimators
u5.2 (Nonlinear) minimum mean squared error estimator
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5.2.1 Remarks of MMSEE

m  Conditional expectation:
Let U and V denote two random variables.
E{VIU} is a random variable, E{E{VIU} }=E{V}
m  Proof of MMSEE solution

Epx (Y =YV 1 X (1) =%, X (M) = x,0} = E((Y =7 ) 1 X (1) = Xppoo0s X (M) = x,,}
FE{(V =Y 1 X (1) = X, X(M) = x5, } 4 2E{(Y =T)(T =Y) I X (1) = X,..., X (M) = x,,}

-0
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5.2 Mini'mum:Mean Squared Error
Estimators (MMSEE)

m  MMSEE: The solution for MMSEE of Y based on the
observation of X(1).....,.X(M) is:

Y(X(l),...,X(M)) =E{Y1XQ,.,XM)}
= Which reaches min E{(Y -¥)?}

m Specially, if X(1)=x(1),.....X(M)=x(M) is observaed, then

Y(x(),..ox(M)) = E{Y 1 x(),....x(M)}
= [ 3Py 13V x(M )iy
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5.2.3 Example-I1

Fxample: Multivariate Gaussian variables: Bivarisi case: M = 1, X(1) = &'

T 3 2
[F X0, X ()] - K, ) wilh sl
T o
“B= My gy ] Xy = pa oy whem p= —L sihe comelation coeflicient of ¥ and
B 3 h b axOy
x
1 ¥ T
_x=| O (Eyy) I this case.
Iy Toy . by
¥ tax B T
. 2 r
From Equation (6. 22) in [Shanmugan] it fallows that pay poy
T 1 [u,— "J‘u"r] [c,\-]
|Y E[|X] =y Byl () (K- — v

W can ohserve that ¥ is lincar, i¢. isthe IMMSEE ¥ = ¥ in the hivariaie
gase. This is also true in the general multivariate Gaussian case. In (.

F o7 ifandonly i (2 00, X001 isa Gassian
random vecter,

5.2.2 Example - 1
= Example 7.7 on page 394 of the tetxbook

e

1 1 2
ax (81 X) =——=expy—=(s—x——)" ¢ < Gaussian
Sox (s1x) N P{ 2( 2)}
~ X2
(a) MSE—solution:S =E{S|1X}=X +7 (mean)
MSE —residual :  E{(S 7.S~‘)Z }=1 (conditional variance)
(b) Assume Fy(x)=e¢",x20 then E{X}=1, E{X’}=2, E{X’}=6,

Linear MMSE estimator . § = hy+h X

where

Y w EX-u’) EX)-p 2.1
hy = pg =Ipty =2-3=~1

LMSE residual :  E{(S 73')2 }=2
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o
po Do _ EUS—a)(X —p)) _E(SX) -y, B XX 172
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5.2.4 Appendix Properties of the Multivariate
Gaissian Distribution (p.50-51)

[ S Ly Txmpo)
= PDF: LX) mexp{ sz B Y p_)I

X X, X,
Fariition X as x:[x‘} where X, =| i | X,=| i |
2 X,

Xm
wli} zaff 3]

m  Uncorrelatedness implies independence

m  The random vector Y=AX has the Gaussian pdf with
My = A Z YzAz xAT

= Conditional pdf:

e, = By =X} =y 4000 0 (o= M) D, = i~ Do Do
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