MMG6. Discrete-Time Wiener Filters
Reading page: Chapt 7, pp.406-419
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mExplain MM exercise
m6.1 (Ideal) Noncausal Wiener Filters
m6.2 Causal Wiener Filters
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What have we talked through MM5
— Minimum Mean Squared Error
Estimation?
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=5.1 Linear minimum mean squared error estimators
=5.2 (Nonlinear) minimum mean squared error estimators
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5 1 Llnear Minimum Mean Squared
Error (LMMSE) Estimators

LMMSE Problem formulation

m A random sequence X(1), ... X(M) whose realization can
be observed

m A random variable Y which has to be estimated

m Seek a linear estimator as:
M
Y =h,+ > h,X(m)
m=1

m By miminizing the mean squared error(MSE):

min  E{(Y =Y)*}

hy,,m=0,1,..M
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S
5.1.1 Orthogonallty PrlnC|pIe

m A necessary condition for a linear estimator denoted by
h=[h,, ... hy,]' to be the solution of the LMMSE is that

E{Y —-Y}= E{Y —(ho +ith(m))} =0  E{Y}=E{}

/ - Orthogonality Principle
R .
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5.1.3 LMMSE Soultion

h=[h1 hM]T /Ux:[:uxa) IUX(I\/I)]T

Z X ()Y Z X (1)X (1) Z X(HX (M)
ZXY: : ; Zxx: : . : :
_Z X(M)Y ZX(M)X(I) ZX(M)X(M)_

h= (Z xx)_lz XY
hy = 14 _hT,Ux = Hy _(Z XY )T (Z xx)_llux

E{(Y -Y)*} =E{Y*}—E{Y’}=E{Y -Y)Y}
E{Y-Y)’}=0,"-h")",,
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. 2 Minimum I\/Iean Squared Error

Estimators (MMSEE)

MMSEE': The solution for MMSEE of Y based on the
observation of X(1),....,X(M) 1s:

Y (X(),.... X(M)) = E{Y | X(1),..., X (M)}
min E{(Y =Y )*}

Which reaches
Specially, if X(1)=x(1),....,X(M)=x(M) 1s observaed, then
Y (XD, X(M)) = E{Y [X(D),...., X(M)}

~~/

Y =Y iff [Y X(1),....,.X(M)] 1s a Gaussian vector
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Explain the MM5 Exeruse'
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MMG6. Discrete-Time Wiener Filters
Reading page: Chapt 7, pp.406-419
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m6.1 Noncausal Wiener Filters
m 6.2 Causal Wiener Filters
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Discrete-Time Wiener Filters

Motivation:

m  Estimate a WSS random sequence Y(n) based on the
observation of another sequence X(n).

m  Without loss of generality we assume that
E{Y(n)}=E{X(n)}=0

m The goodness of the es t ator 1s described by MSE
E{(Y(M)=Y ()"}
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6.0 An Intuitive Explanation

m  Observable random sequence:

a

(Wiener) Filter/System
ho.hy,- Ny

Y(), YQ). ..

m A random sequence which needs to be estimated
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6.0 Prediction and Filtering

m  Prediction: Y(n) depends on past observations of X(n)

m Filtering: Y(n) depends on the present observation and/or
one or many future observations X(n)

m Causal, noncausal filters

f I 4 ¢ 1 2 3 4..m
L..R
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6.1 Ideal (Noncausal) Wiener Filters

m Problem Formulation:

M
. LMMSEE: Y =h,+> h X (m)
Seek a linear filter «— system -

|

Signals’ relationship

Y(n)= ih(m)x (n—m)=h(n)* X(n)

Which minimizes the MSE

E{(Y(")-Y(n))*}

The filter reaching above requirement is called ideal
(noncausal) Wiener filter

22-0Oct-04 Stochastic Processes
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6.1.1 Orthogonal Principle

m The coefficients of a Wiener filter satisfy

E{(Y (M)=Y (m)X(n—k)} = E{(Y(n)- ih(m)X(n —m)X(n-k);=0

m Consequences:

E{(Y(n)-Y (n)Y (n)} =0
E{(Y(n)—wn» L= E{Y ()2 -ELY (n)?}
=E{Y (M) -Y ()Y (n)

Fimi
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R

6.1.1 Orthogonal Principle (Cont’d)

m Define the crosscorrelation and autocorrelation:

Ryy (K) = E{(X(MY (N +K)}, Ry (k) =E{(X(MX(n+k)}

m Consequence of orthogonal principle: (Wiener-
Hopft equation)

E{(Y (M) =Y (m)X(n—k)} = E{[Y(n)- ih(m)X (n—m)]X(n-k)} =0

M=—00

Rey (K) = 3 h(M)Ry (K —m) = h(K)* Ry (K)

m=—co

22-0Oct-04 Stochastic Processes
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6.1.2 Wiener Filter in Transfer Function

Wiener-Hopt equation:

Rey (K) = S h(M)Ry (k —m) = h(k) * Ry (K)

m TF of the Wiener filter:

=30

m MSE residual:
ELY () -V ()} =5 = 2 AmR,, (m)

B (D204 gaa p.408-409 for proof

E{Y(N)=Y(n))’} = |[Sy (F)]- (D)

|
N\»—"—'N"—
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6.1.3 Wiener Filter via LMMSEE

Wiener filter:

Rey (K) = 3 (MR, (k—m) = h(k)* Ry (K)
Sy ()

‘H(f) S ()

MSE residual:

E(Y (M) -Y ()2 =0,> = 3 h(m)Ry, (M)

E{(Y (M =Y )’} = [[Sy (F)]-

m=—o0

[Sxy ()2

1df
Syx (T)

22-Oct-04

= LMMSEE:
h=[h - hM]T /Ux:[,uxa) /’lx(M)]T
Z{m)v ngl)xm ZX(.I)X(M)
ZXY: : ) Zxx: : r : .
ZX(M)Y ZX(M)xa) ZX(M)X(M)
h:(Zxx)_lzxv

hy =ty —h" gt = gty ~( s T (X )
m MSE residual:

E{(Y -Y)*}=E{Y?}-E{Y*}=E{Y -Y)Y}
E{Y-Y)}=0,"-h">

Stochastic Processes
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MMG6. Discrete-Time Wiener Filters
Reading page: Chapt 7, pp.406-419
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m6.1 Noncausal Wiener Filters
m 6.2 Causal Wiener Filters
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6.2.1 Causal Wiener Filter (Case A)

Case A: X(n) 1s a white noise with unity variance
E{X(n)X(n+k)}=06(k)
m Ideal Wiener filter:

Y(n)= ih(m)xm—m) = h(n)* X (n)

m A causal Wiener filter can be achieved by cancelling
the noncausal part of 1deal Wiener filter:

Y.(n)= i h(m)X (n—m)

m The causal Wiener filter minimizes the MSE within the

class of causal linear estimators
22-Oct-04 Stochastic Processes
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Shetch of the proaf: =

f’[.r.'] can be wrntlen as
-1 e
¥in) = E B A (m— )+ E AR —m)
= e — . =i}
=7 V= Foim)

Because A(m) is a white noise, the causal part F© = f'_i.[.r.'] and the noncansal

part L7 = Yinj— .'?'I_.[.r.l] of ¥in) are orthogonal. It follows from this propserty

-Irl. 1 B ]

Fini—Fim

that E',_.[.r.l] and ¥i{x) are orthogonal, i.e. that E',_.[.r.l] minimizes the MSE
within the class of linear cansal estimators,

[
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6.2.2 Causal Wiener Filter (Case B)

Case B: X(n) 1s a WSS signal
m Causal whitening filter:
If S,(1) satisifies the Paley-Wiener condition:

1/2

[Tog(Sy (f))df >—oo

-1/2

then X(n) can be converted into an equivalent white noise
sequence Z(n) with unit variance by filtering it with an
appropriate causal filter g(n)

i Cavesall
Whitening Filter

el

ANimi

Zin E[ZiniZin+E1] = &k
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6.2.3 Whitening and Whitening Filter

This operation iz called whitening and the filter gin) iz called a whitening

filter.
equivalent = there exists another cansal filter g(w) so that
KAim) = gimi*Zink
Zim) &im) Xin)

Motice that if

Gr)=Figini}

Gir)= FLEm)}
then

We shall see that &
whitening filter exists
such that

. -1
GO = G

F. -1
|GOA™ = 8 gyl

o (3.6)
|Gir|™ = 800

22-0Oct-04 Stochastic Processes
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6.2.4 Causal Wiener Filter (Whitening)

« Causal Wiener filter

Making use of the result in Part A, the block diagram of the causzal Wiener hil-

Cr s

LU e Whiternrse Filver

(sl )

grn)

Ain

Causal part of

S, U0

¥ ()

Nl 1 15 obtamed from & - () according to

Spypt )

G 8 ypl )

Hence, the block diagram of the cansal Wiener hlter 1s:

A —

Whitening Fil ter

EiR)

A

7
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6. 2 5 Spectral Decomposmon Th

+ Spectral Decomposition Theorem:
Let &yt 13 satishes the so-called Paley-Wiener condition:

172

J- I'::'g[l':r_r_r[lr]]l:-llj" o

I.-'I

Then 8,40 ) can be wntien as
Sy U0 = GO Gy

with i 1 and G 7 satisfying

If.-'[ Jr']'|3 |f:[_.l" 3|'|3 St}

Moreover, the sequences

gy =F LGN}
elny = F G

g ) =F 16007
Yy = F LGN

zatisly
gl = g I[,q] = NN Cansal sequen ces
g(n = g I[n]- il n=0 Anticausal sequences
22-0ct-0-
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6.2.6 Causal Wiener Filter (Cont’d)

Hence, the block diagram of the cansal Wiener hlier 1s:

Whitening Filter | £ (7 Cavzal part of

X (1 s -1 a :
gin) F G Sl 0]

The sought whitening filter used to obtamed Z(m) 15

| ]
Zin) LA

anid

e I N

[t can be eastly verthed that both sequences sahsty the 1dentities 1 (3.6).
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6.2.7 Finite Wiener Filter

= [LMMSEE:

Finite Wiener filter : Y(n):ih(m)X(n—m) Y Y U
Wiener — Hopf Solution: 5 {Z?mq 5 {Zx?)xm ngmm]
hT =[N(0) (1) -+~ h(M)] = Ry "Ry ] e o)
provided R, isinvertible,
where h=(% ) >

"Ry (0) Ry () -+ Ry (M)~ hy =ty ="t = 1, =(F 0 T (2 ) 2
Rxx: Rx%(l) Rxx.(o) Rxx(lyI _1) .

: : g : m MSE residual:

_Rxx(M) Rxx(l\/I _1) Rxx (O) |

Ry =[Ryy (0) Ryy (1) -+ Ry (M)] E{(Y =Y)’} = E{Y*}-E{Y} = E{(Y Y)Y}

E{Y-Y)}=0,"-h">
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